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We theoretically investigate the dynamics of modulation instability (MI) in two-dimensional spin-
orbit coupled Bose-Einstein condensates (BECs). The analysis is performed for equal densities of
pseudo-spin components. Different combination of the signs of intra- and inter-component interac-
tion strengths are considered, with a particular emphasize on repulsive interactions. We observe
that the unstable modulation builds from originally miscible condensates, depending on the com-
bination of the signs of the intra- and inter-component interaction strengths. The repulsive intra-
and inter-component interactions admit instability and the MI immiscibility condition is no longer
significant. Influence of interaction parameters such as spin-orbit and Rabi coupling on MI are
also investigated. The spin-orbit coupling (SOC) inevitably contributes to instability regardless
of the nature of the interaction. In the case of attractive interaction, SOC manifest in enhancing
the MI. Thus, a comprehensive study of MI in two-dimensional spin-orbit coupled binary BECs of
pseudo-spin components is presented.
PACS numbers: 05.45.Yv, 03.75.Lm, 03.75.Mn
I. INTRODUCTION
Study of spin-orbit (SO) coupled Bose-Einstein con-
densates (BECs) is one among the important topics of
current research in the context of macroscopic quantum
phenomena. Spin-orbit coupling (SOC) describes the in-
teraction between the particle’s spin and orbital momen-
tum and plays a crucial role for many physical phenom-
ena in condensed matter systems including spin-Hall ef-
fect, topological insulators, spintronics and so on [1–6].
The synthetic SOC in BECs was experimentally achieved
very recently. In this realization techniques, two Ra-
man laser beams were used to couple with two compo-
nent BECs [7]. The momentum transfer between laser
beams and atoms leads to synthetic SOC [8–11]. SOC
has been realized with cold atomic gases by designat-
ing the hyperfine atomic states as pseudo-spins and cou-
pling them with Raman laser beams [12–14]. For in-
stance, in the case of 87Rb the pseudo-spin states are
|↑〉 = |F = 1,mF = 0〉 and |↓〉 = |F = 1,mF = −1〉,
which are generated using pair of Raman laser beams.
SO coupled BECs have been studied extensively
in different contexts including phase separation, strip
phases [15], spotlighting the phase transition [16], vor-
tices with or without rotations [17], and so on. In ad-
dition, the study of topological excitations, for exam-
ple, skyrmions, has also attracted much along these di-
rections [18]. Further, matter wave solitons such as
bright and dark solitons have been studied in quasi-
one-dimensional with attractive and repulsive SO cou-
pled BEC [19, 20]. It should be noted that most of the
studies on SO coupled BECs were primarily focused on
quasi-one-dimensional systems. Only a few studies were
devoted on multi-dimensional SO coupled BECs. How-
ever, there were few important studies reported in the
context of two-dimensional SO coupled BECs, for in-
stance, the dynamics of vortices, the existence of vortex-
antivortex pair, to mention few [21–25]. Recently, the
study on two-dimensional SO coupled BEC of mixed
Rashba-Dresselhaus type and Rabi couplings have earned
particular interest [26, 27]. Thus, it is more appropriate,
realistic and interesting to study SO coupled BECs in
two- and three-dimensions systems. Particularly, here
we emphasize on the study of instability of plane wave in
two-dimensional SO coupled BECs, in the framework of
MI analysis [21, 22].
The degree of instability in a BEC can be character-
ized by the MI. MI is an instability process and identified
as a requisite mechanism to understand various physics
effects in nonlinear systems. The phenomenon of MI was
first observed in hydrodynamics by Benjamin and Feir
in 1967 [28]. In the same year, Ostrovskii predicted the
possibility of MI in optics [29] and later explained in de-
tail by Hasegawa et. al. in 1973 in the context of opti-
cal fibers [30]. The MI is a general phenomenon occur-
ring in many nonlinear wave equation and is of particu-
lar interest in dispersive nonlinear systems. In conven-
tional dispersive nonlinear systems, MI manifest as a re-
sult of the constructive interplay between dispersion and
nonlinearity. Such that any deviation from the steady
state in the form of perturbation leads to an exponential
growth of the weak perturbation, resulting in a break-
up of the carrier wave into trains of soliton-like pulses
[31]. In addition, MI has been widely studied in various
branches such as fluid dynamics [28], magnetism [32],
plasma physics [33] and BEC [34].
In the context of BEC, the MI has been given consid-
erable importance over a long period of time, owing to
its fundamental and applied interest in various aspects.
In particular, MI has been found to be relevant in un-
derstanding the formation and propagation of solitonic
waves [35], and also apparent in explaining the domain
formation [36] and quantum phase transition [37]. MI has
been studied extensively in BECs for both single [38] and
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2two-component systems [39], and realized experimentally
as well [40]. In the case of single-component BECs, the
MI has been found to be feasible only for attractive in-
teraction (self-focusing nonlinearity), in such case, the
phase fluctuations caused by MI leads to the formation
of soliton trains. However, the breakthrough work by
Goldstein and Meystre opens up the possibility of MI
even for the repulsive interactions [41], in similar lines to
the case of cross-phase modulation induced instability in
nonlinear optics [42, 44]. Thus, the two component BEC
finds particular interest in the study of MI, as it helps to
achieve instability even in repulsive interactions. In the
case of SO coupled BEC, the MI in one-dimensions was
recently explored in Ref. [45], and the higher dimensional
case is still an open problem. Thus, inspired by the spe-
cial features of SO coupling and the physical relevance
of two-component BEC system, we intend to study the
dynamical behavior of MI in SO coupled BEC in two-
dimensions. In this paper, we present a systematic study
of MI in quasi-two-dimensional SO coupled BECs with
the inclusion of Rashba and Dresselhaus SO couplings.
By considering small perturbation approximation, we ob-
tain linearized GP equation. Further, the interplay be-
tween dispersion and nonlinear effects have been studied
in terms of system parameters. We have also summa-
rized the growth of MI gain for different combinations
of intra- and inter-component of interaction strengths in
the presence and absence of SO coupling.
The organization of the paper is as follows: After a
detailed introduction in Sec. I, the Sec. II features the
theoretical model for the case of SO coupled BECs. In
Sec. III, we present the MI dispersion relation through
linear stability analysis, and systematically explained the
effect of SOC and Rabi coupling for a different combina-
tion of inter- and intra-component interactions strength.
Sec. IV, features the results and discussion followed by
conclusion in Sec. V.
II. THEORETICAL MODEL
We consider the spin-orbit coupled Bose-Einstein con-
densates confined in a harmonic trap with equal Rashba
and Dresselhaus couplings described, within the frame-
work of mean field theory by an energy functional of the
following form [7]
E =
∫ +∞
−∞
ε dx˜ dy˜, (1)
where,
ε =
1
2
(
Ψ†H0Ψ + g˜11|ψ↑|4 + g˜22|ψ↓|4 + 2g˜12|ψ↑|2|ψ↓|2
)
,
(2)
Ψ = (ψ↑, ψ↓)T is the condensate wave function, ψ↑ and
ψ↓ are associated with the pseudo-spin components. The
model Hamiltonian H0 in Eq. (2) assumes the form,
H0 =
[
pˆ2
2m
+ V (r˜)
]
+
~λ
2
σx − ~k˜L
m
pˆx˜σz (3)
where, pˆ = −i~(∂x˜, ∂y˜) is the momentum operator,
V (r˜) = 12m[ω
2
⊥(x˜
2 + y˜2) + ω2z z˜
2] is a quasi-2D harmonic
trapping potential where ωz  ω⊥, λ is the frequency of
Raman coupling, σx,z are Pauli spin matrices and k˜L is
the wave number of the Raman laser which couples the
two hyperfine states. The effective two dimensional cou-
pling constant g˜ij = 4pi~2aij/m, (i, j = 1, 2) represents
the intra- (g˜11, g˜22) and inter- component (g˜12) interac-
tion strengths, which are defined by the corresponding
s-wave scattering lengths aij and atomic mass m. Mea-
suring energy in units of the radial trap frequency (ω⊥),
i.e., ~ω⊥, length in units of harmonic oscillator length,
a⊥ =
√
~/(mω⊥), and time in units of ω−1⊥ the follow-
ing dimensionless Gross-Pitaevskii (GP) equations can
be derived for different components of ψ1,2 from Eq. (2)
as [43]
i
∂ψ1
∂t
=
[
−1
2
∇2⊥ + V (r) + g11|ψ1|2 + g12|ψ2|2
]
ψ1
+ ikL
∂
∂x
ψ1 + Γψ2, (4a)
i
∂ψ2
∂t
=
[
−1
2
∇2⊥ + V (r) + g22|ψ2|2 + g12|ψ1|2
]
ψ2
− ikL ∂
∂x
ψ2 + Γψ1, (4b)
where, V (r) = (x2 + y2)/2, x = x˜/a⊥, y = y˜/a⊥, t =
ω⊥t˜, kL = k˜La⊥, Γ = λ/2ω⊥, gij = 4piNaij/a⊥ and
ψ1,2 = ψ↑,↓a
3/2
⊥ /
√
N . In the following, we shall proceed
with the study of modulational instability in the above
two-dimensional model Eq. (4) for spin-orbit coupled
BECs.
III. ANALYSIS OF MODULATION
INSTABILITY
A. Linear Stability Analysis
The fundamental framework of MI analysis relies on
the linear stability analysis (LSA), such that the steady
state solution is perturbed by a small amplitude/phase,
and then study whether the perturbation amplitude
grows or decays [31]. For this purpose, we consider a
continuous wave (CW) state of the miscible SO coupled
BECs with the two-dimensional density nj0 = |ψj0|2 of
the form
ψj(x, y, t) =
√
nj0 e
−iµt. (5)
Then the stability of the SO coupled BECs can be exam-
ined by assuming the perturbed wave functions as
ψj(x, y, t) = (
√
nj0 + δφj) e
−iµt, (6)
3A set of linearized equations for the perturbation can be
obtained by using Eq. (6) in Eq. (4)
i
∂(δφ1)
∂t
= −1
2
(
∂2(δφ1)
∂x2
+
∂2(δφ1)
∂y2
)
+ ikL
∂(δφ1)
∂x
+ Γ
(
δφ2 −
√
n20
n10
(δφ1)
)
+ g11n10 (δφ1 + δφ
∗
1)
+ g12
√
n10n20 (δφ2 + δφ
∗
2) , (7a)
i
∂(δφ2)
∂t
= −1
2
(
∂2(δφ2)
∂x2
+
∂2(δφ2)
∂y2
)
− ikL ∂(δφ2)
∂x
+ Γ
(
δφ1 −
√
n10
n20
(δφ2)
)
+ g22n20 (δφ2 + δφ
∗
2)
+ g12
√
n10n20 (δφ1 + δφ
∗
1) , (7b)
where the symbol ∗ denotes complex conjugate. Assum-
ing a general solution of the form
δφj = ζj cos (kxx+ kyy − Ωt) + iηj sin (kxx+ kyy − Ωt) ,
(8)
where kx and ky, are the wavenumbers and ζj and ηj (j =
1, 2) are the amplitudes of wavefunction, and Ω is the
eigenfrequency. We further assume that two pseudo-spin
states of equal density n10 = n20 = n. A straightforward
substitution of Eq. (8) in Eq. (7) yields the following
dispersion relation for Ω.
Ω4 − Ω2
[
1
4
(K − 2Γ) (2K +G1 +G2) + 2k2xk2L + 2ΓG12
]
+
Ω
2
kxkL(K − 2Γ)(G1 −G2)
+K
[
k2L
(
k2xk
2
L + 2ΓG12 −
1
4
(K − 2Γ) (2K +G1 +G2)
)
+
(
K
4
− Γ
)(
1
4
(K +G1)(K +G2)−G212
)]
− 1
2
k2Lk
2
y
[
2Γ−K
2
(G1 +G2 − 4Γ) + 2k2Lk2x −K2
+ 4Γ (G12 +K − Γ)
]
= 0, (9)
whereK = k2x+k
2
y andG1 = 4g11n−2Γ, G2 = 4g22n−2Γ,
and G12 = 2g12n + Γ are the modified intra- and inter-
components interaction strengths, respectively. For equal
strengths of intra-component interactions, i.e., a11 = a22
(g11 = g22 = g), the dispersion relation recast into a
simpler form as
Ω2± =
1
2
(
Λ±
√
Λ2 + 4∆
)
, (10)
with
Λ =
1
2
(K − 2Γ) (K +G) + 2k2xk2L + 2ΓG12, (11a)
∆ =
1
2
k2Lk
2
y
[
(2Γ−K)(G− 2Γ) + 2k2Lk2x −K2
+ 4Γ (G12 +K − Γ)
]
−K
[
k2L
(
k2xk
2
L + 2ΓG12 −
1
2
(K − 2Γ) (K +G)
)
+
(
K
4
− Γ
)(
1
4
(K +G)2 −G212
)]
, (11b)
where, G1 = G2 = G. The above Eq. (10) is the disper-
sion relation corresponding to the stability of the miscible
SO coupled BECs. As it is known from the theory of MI,
the system exhibit stable configuration for all real val-
ues of kx and ky, if Ω
2
± is positive (Ω
2
± > 0). If Λ > 0,
the eigenfrequency Ω+ is always real but Ω− may be real
or imaginary, which is dependent on ∆. If the eigenfre-
quency Ω± has an imaginary part, the spatially modu-
lated perturbation become exponential with time, as it
is obvious from the form of δφj . On the other hand, for
negative value of Λ (Λ < 0), Ω2± need not to be positive.
In such case, Ω2± is characterized by the values of ∆. For
Λ > 0 the value of lower branch Ω2− is negative if, ∆ < 0.
Similarly for Λ > 0 the value of upper branch Ω2+ is neg-
ative when ∆ < 0. Regardless of anything Ω2− is always
negative, and therefore, the MI sets in via the exponen-
tial growth of the weak perturbations. The MI growth
rate is defined as ξ ≡ |Im(Ω±)|. Following the mathe-
matical calculation pertaining to the dispersion relation
corresponding to the stability/instability of the system,
the subsequent sections are dedicated to the study on the
effect of SOC in the MI.
B. Effect of Rabi coupling in the MI of SO coupled
BECs
In order to study the effect of Rabi coupling in the
MI, we turn off the SOC by making kL = 0. For better
insight, we consider two special cases, (i) one without
Rabi coupling (Γ = 0) and (ii) other in the presence of
Rabi coupling (Γ 6= 0).
1. Zero Rabi coupling
In absence of Rabi coupling (Γ = 0), the eigenfre-
quency of the system for kx 6= ky assumes the form,
Ω2± =
1
2
[K (K + 2n(g ± g12))] (12)
One can infer from the above Eq. (12), that based on
the sign/nature of the interaction strength, the Ω± may
be real or imaginary. It is obvious from the combination
of signs of intra and inter-component interactions, Ω+ is
found to be real in the following cases:
(i) both intra- (g) and inter- (g12) component interac-
tions are repulsive,
4(ii) attractive intra-component and repulsive inter-
component interactions, and
(iii) repulsive intra-component and attractive inter-
component interactions.
For attractive intra- and inter-component interactions
Ω+ becomes imaginary and thereby inevitably con-
tributes to MI. However, Ω− becomes imaginary for all
cases. Thus, as far as MI is concern, Ω− contribute better
to the instability in all means than the Ω+ counterpart.
It is worth mentioning, at ky = 0, our results completely
agree with the Ref. [45], and could reproduce the results
of the MI in the conventional two-component system as
in Ref. [39].
2. Non-zero Rabi coupling
Next, we study the effect of Rabi coupling on MI by
considering any finite value for Γ (Γ 6= 0). Here the
dispersion relation as given by Eq. (10) can be modified
as follows
Ω2+ =
1
2
[K (K + 2n(g ± g12))] ., (13)
with kx 6= ky, and in order to highlight the effect of Rabi
coupling, the coefficient of SOC is turned off, i.e., kL = 0.
It is straightforward to notice that Ω2+ given by Eq. (13)
for Γ = 0 is similar to Eq. (12) for the case of zero Rabi
coupling. Therefore, the instability/stability condition as
defined by the zero Rabi coupling in the earlier section is
completely applicable here as well. Hence, for non-zero
Rabi coupling, Ω2+ is not different from that of zero Rabi
coupling, which implies that Ω2+ is independent of Γ. On
the other hand, Ω2− is found to be significantly influenced
by Rabi coupling and can be expressed as
Ω2− =
K2
4
+ (Kn− 4Γ) (g − g12) + 2Γ (2Γ−K) . (14)
The effect of Rabi coupling from Eq. (14) can be better
explored for three representative cases of Γ, namely (i)
Γ = 0, (ii) Γ > 0, and (iii) Γ < 0. For Γ = 0, Eq. (14)
reverts to the expression for Ω− as given by Eq. (12),
and therefore, will not be discussed again here. Our par-
ticular focus is on Γ = 0 and Γ > 0. For Γ < 0, Ω− is
imaginary only for repulsive intra- and attractive inter-
component interaction, and for all other cases Ω− does
not contribute to MI, as it is real. However, the effect
of Rabi coupling is more pronounced for Γ > 0, as the
instability/stability conditions qualitatively differ from
the previous cases. It is found that the Ω− is unsta-
ble for all combination interactions, except the repulsive
intra- and attractive inter-component interaction. Per-
haps, the magnitude of intra- and inter-component inter-
action strengths are rather identified to be deterministic
for MI. It is observed that for repulsive intra- and inter-
component interactions the instability is possible only
when |g| > |g12|. Similarly, for attractive interaction, the
condition for MI can be modified as |g12| > |g|.
For a better understanding of the effect of Rabi cou-
pling, as a representative case, we have shown in Fig. 1,
the MI gain corresponding to the repulsive intra- and
inter-component interactions with kL = 0, Γ = 1, g = 2,
g12 = 1 and n = 1. It should be noted, the condition for
instability (|g| > |g12|) in repulsive interactions is true for
the above choice of parameters. It is evident, from the
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FIG. 1. (color online) (a) Three-dimensional (3D) surface plot
showing the MI gain, ξ = |Im(Ω−)|, and (b) the corresponding
two-dimensional (2D) contour plot for the parameters kL = 0,
Γ = 1, n = 1, g = 2 and g12 = 1.
existence of instability region, that the MI is caused by
Rabi coupling for repulsive intra- and inter-component
interactions. It should be noted that the instability re-
gion is symmetric in momentum space on either side of
the wave numbers, kx and ky.
Overall, it is apparent from the above discussion on the
influence of Rabi coupling in the instability that out of
the different choices of Rabi coupling strengths, the con-
dition Γ > 1 is found to carry more information about
the MI. Therefore, in the subsequent section we shall
study the effect of SO coupling by fixing the Rabi cou-
pling strength as Γ = 1.
IV. THE EFFECT OF RABI AND SPIN-ORBIT
COUPLING
One can draw out a conclusion from the previous sec-
tion, that the sign/nature of the interaction significantly
influences the stability/instability of the system. For bet-
ter insight, in the following section, we would like to
briefly emphasize the effect of different combinations of
intra- and inter- component interaction strength with the
inclusion of both Rabi (Γ 6= 0) and SOC (kL 6= 0). We
consider following four representative cases to study MI
in the SO coupled BEC system.
A. Both repulsive intra- and inter- component interac-
tions (g > 0, g12 > 0).
B. Attractive intra- and repulsive inter- component in-
teractions (g < 0, g12 > 0).
C. Repulsive intra- and attractive inter- component in-
teractions (g > 0, g12 < 0).
5D. Both attractive intra- and inter- component inter-
actions (g < 0, g12 < 0).
A. Repulsive intra- and inter-component
interactions
Here, we consider self repulsive intra- (g > 0) and re-
pulsive inter- (g12 > 0) components of modified interac-
tions G1, G2 and G12. Our investigation follows from the
general dispersion relation for non-zero SO and Rabi cou-
pling as given by Eq. (10). It is apparent from Eq. (10),
the expression Ω± can be real or complex depends on the
sign of Λ > 0 and Λ2 + 4∆. For Λ > 0, the upper branch
Ω+ will be imaginary only for Λ
2 + 4∆ < 0, and there-
fore contribute to MI. Fig. 2 shows the MI gain for Ω+
−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5
ky
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g = 0.8
g = 1.0
FIG. 2. (color online) Plot of the MI gain, ξ = |Im(Ω+)|,
as a function of ky for different intra-component interaction
strengths with kL = 1, Γ = 1, n = 1, g12 = 1 and kx = 1.
as a function of one of the momentum component (ky)
for different values of intra-component (g) at fixed inter-
component interaction strength (g12 = 1). The choice of
parameters are kL = Γ = 1, n = 1, g12 = 1 and kx = 1.
It is evident from Fig. 2, there exist two symmetrical in-
stability region on either side of the zeros of kx and ky.
As the intra-component interactions strength increases
further, the two instability region approaches to the zero
wave number and merge into a single coalesced instability
region with elevated gain at higher values of g.
On the other hand, Ω− from Eq. (10) is more in-
teresting, since Ω− leads to unstable region even for
Λ2 + 4∆ > 0. Fig. 3 shows the MI gain for Ω− as a
function of momentum component for similar values as
used for Ω+. One can straightforwardly notice, that there
exist two pairs of instability region for Ω− as against, the
single pair of instability region observed for the case Ω+.
As the strength of the intra- component interaction in-
creases, the instability region at the center unifies into
single band (similar to the case of Ω+), while the other
−3 −2 −1 0 1 2 3
ky
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FIG. 3. (color online) Plot showing the MI gain, ξ = |Im(Ω−)|
as a function of ky for different g with kL = 1, Γ = 1, n = 1,
g12 = 1 and kx = 1.
pair of instability region at higher values of ky substan-
tially decreases in gain and width of the instability re-
gion. For insight, we plot in Fig. 4 the 3D variation of
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FIG. 4. (color online) 3D surface plot of the MI gain,
ξ = |Im(Ω−)| in the kx-g plane and (b) the corresponding
2D contour plot for kL = 1, Γ = 1, n = 0.3, g12 = 1 and
ky = 1.
MI gain for a range of kx and g with the inter-component
interaction fixed (g12). It is obvious that the two insta-
bility regions merge into a single instability region with
elevated gain. To explore the effect of inter-component
−4−2 0 2 4kx 0 1
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5
g12
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1
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FIG. 5. (color online) 3D surface plot showing the MI gain,
ξ = |Im(Ω−)|, in the kx−g12 plane and (b) the corresponding
2D contour plot for the parameters kL = 1, Γ = 1 for n = 0.3,
g = 1 and ky = 1.
interaction in the instability, in Fig. 5, we depict the MI
6gain for a range of g12 with fixed g. It is apparent from
Fig. 5, for smaller values of g12, the gain in the inner in-
stability band decreases gradually to zero, while the gain
in the instability region at higher values of kx grows with
increase in g12. In order to explore the effect of the wave
numbers, kx and ky, we plot the MI gain as a function of
kx for different values of ky and vice-versa. Figs. 6 and
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Immiscible
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FIG. 6. (color online) Plot showing the MI gain, ξ = |Im(Ω−)|
as a function of kx for different ky values with kL = 1, Γ = 1,
n = 0.3 g = 1 and g12 = 2.
0.0 0.5 1.0 1.5 2.0 2.5
ky
0.0
0.1
0.2
0.3
0.4
0.5
0.6
ξ
Miscible
Immiscible
kx = 0.5
kx = 1.0
kx = 1.5
kx = 2.5
FIG. 7. (color online) Plot of the MI gain, ξ = |Im(Ω−)| as
a function of ky for different kx values with kL = 1, Γ = 1,
n = 0.3, g = 1 and g12 = 2.
7 show that the MI bands drift towards the center and
coalesced into single instability band with the increase
in the wave numbers. Thus, there are no changes in the
general trend of shifting of MI band for both cases, how-
ever the peak gain and the width of instability region
substantially differs. One can infer that the maximum
gain is observed for kx as evident from Fig. 6 in compar-
ison to the plot of MI gain for ky in Fig. 7. Fig. 8 shows
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FIG. 8. (color online) (a) 3D surface plot showing the MI
gain, ξ = |Im(Ω−)|, and (b) the corresponding 2D contour
plot for the parameters kL = 1, Γ = 1, n = 0.3, g = 5 and
g12 = 3.
the instability gain on the momentum space as a func-
tion of kx and ky for some representative values of intra-
and inter-components interaction strength. It is observed
that there exist two instability bands corresponding to kx
and ky. The inner pair of bands corresponds to kx with
slightly higher gain than the outer band as a result of
ky. This combination of intra- and inter-components in-
teraction is of particular interest, because the instability
is generally not feasible, as both interaction components
are repulsive and therefore does not contribute to MI.
However, the above results suggest that the MI is still
possible even in the repulsive two component BEC with
the aide of SOC.
B. Attractive intra-component and repulsive
inter-component interactions
This condition corresponds to the binary BEC with at-
tractive intra- component and repulsive inter-component
interactions, which is subject to the MI even in the ab-
sence of the SOC. Although SOC is not fundamental to
the occurrence of MI in this particular case, but signif-
icantly affects the instability. The MI corresponding to
Ω+ produces the same number of bands as in the previ-
ous case for repulsive interaction. However, the MI corre-
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FIG. 9. (color online) 3D surface plot of the MI gain,
ξ = |Im(Ω−)| in the kx-g plane and (b) the corresponding
2D contour plot for fixed g12 with kL = 1, Γ = 1, n = 0.3,
g12 = 1 and ky = 1.
sponding to Ω− qualitatively differs, and it can be better
explained in the following two combinations, namely, (i)
7MI gain as a function of g for fixed g12, and (ii) vari-
ation of MI gain as a function of g12 at constant value
of g. Fig. 9 shows the possibility of three pairs of instabil-
ity bands for attractive intra-component at constant g12,
and the instability bands grow in gain with the increase
in g. Fig. 10 depicts the MI gain for a range of repulsive
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FIG. 10. (color online) 3D surface plot of the MI gain,
ξ = |Im(Ω−)| in the kx-g12 plane and (b) the corresponding
2D contour plot for fixed g with kL = 1, Γ = 1, n = 0.3,
g = −1 and ky = 1.
inter-component interaction strength (g12) at constant g.
It is obvious, there exist two pairs of instability bands on
either side of ky, the inner one decreases with increase in
g12, while the outer own grow with the increase in g12.
The instability gain in momentum space for some repre-
sentative value of intra- and inter-components interaction
strength is shown in Fig. 11. It is observed that there ex-
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FIG. 11. (color online) (a) 3D surface plot showing the MI
gain, ξ = |Im(Ω−)|, and (b) the corresponding 2D contour
plot for the parameters kL = 1, Γ = 1, n = 0.3, g = −5 and
g12 = 1.
ist three symmetric instability bands corresponding to
kx, while only two for ky. Unlike the previous case, the
instability gain is maximum for the bands corresponding
to ky as shown in Fig. 11.
C. Repulsive intra-component and attractive
inter-component interactions
Here, we consider the binary BEC with repulsive intra-
component (g > 0) and attractive inter-component inter-
action g12 < 0. It is obvious from our earlier discussion,
in the absence of Rabi and SO coupling, the MI (through
Ω−) is observed provided the condition |g12| > |g| is sat-
isfied. But in the presence of SO coupling, the MI is said
to occur regardless of the sign of the interaction strength
and there are no conditions imposed. In similar lines with
the previous section, we discuss MI in the two particular
cases, i.e. constant intra-component interaction strength
with varying inter-component strength and vice-versa.
Fig. 12 shows the MI gain at constant g as a function of
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FIG. 12. (color online) 3D surface plot of the MI gain,
ξ = |Im(Ω−)| in the kx-g12 plane and (b) the corresponding
2D contour plot for fixed g with kL = 1, Γ = 1, n = 0.3, g = 1
and ky = 1.
g12. As the strength of the inter-component interaction
increases, the outer instability band grows and merges
with inner instability band of higher gain. The variation
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FIG. 13. (color online) 3D surface plot of the MI gain,
ξ = |Im(Ω−)| in the kx-g plane and (b) the corresponding
2D contour plot for fixed g12 with kL = 1, Γ = 1, n = 0.3,
g12 = −1 and ky = 1.
of MI gain for g12 at constant g shows a similar trend, ex-
cept the changes in the numerical value of gain as shown
in Fig. 13. Fig. 14 depicts the MI gain in momentum
space for kx and ky. Unlike the earlier cases, the gain of
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FIG. 14. (color online) (a) 3D surface plot showing the MI
gain, ξ = |Im(Ω−)|, and (b) the corresponding 2D contour
plot for the parameters kL = 1, Γ = 1, n = 0.3, g = 2 and
g12 = −13.
the inner band is quantitatively same for both bands cor-
responding to kx and ky. However, the instability gain
of the outer band corresponding to ky is slightly larger
than the outer band of ky.
8D. Attractive intra-and inter-component
interactions
In this region, both intra- and inter-component interac-
tions are attractive, i.e. g < 0 and g12 < 0, and therefore,
MI occurs naturally even without the aide of Rabi and
SOC. This case has already been discussed thoroughly in
the context of MI in two component BEC, and hence, an
extensive investigation is needless. However, for the sake
of completeness, we focus on the effect of SOC in the in-
stability. Fig. 15 shows that the growth of MI gain with
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FIG. 15. (color online) 3D surface plot of the MI gain,
ξ = |Im(Ω−)| in the kx-g plane and (b) the 2D corresponding
contour plot for fixed g12 with kL = 1, Γ = 1, n = 0.3,
g12 = −1, and ky = 1.
the variation of g12 for constant g = −1. The current
case completely concur with our earlier discussion, and
the MI becomes independent of the g for the strong g12
interaction. The variation of MI gain in momentum space
is shown in Fig. 16. Like in the previous section, the MI
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FIG. 16. (color online) (a) 3D surface plot showing the MI
gain, ξ = |Im(Ω−)|, and (b) the corresponding 2D contour
plot for the parameters kL = 1, Γ = 1, n = 0.3, g = −1,
g12 = −5.
bands are symmetric across the zero wave number, and
the maximum gain occurs for the bands corresponding to
ky.
E. Results and Discussion
For the ease of understanding and to make the analysis
self-explanatory, we summarize our results of MI in the
two-dimensional SO coupled two-component BEC in Ta-
ble I. We systematically discussed the presence/absence
of SO/Rabi coupling under different combination of signs
of intra- and inter-component interaction strength. As
it is evident from our extensive investigation that SO
coupling inevitably destabilizes the initial steady state
for equal densities of binary BEC, and thereby makes
the system unstable for all combinations of interaction
strength. Also, we have shown the conventional MI im-
miscibility condition, g12 > g for repulsive two compo-
nent BEC system is no longer significant for MI. Our par-
ticular focus is on repulsive intra- and inter-component
interaction, as it is proven to be stable against the pertur-
bation, and therefore, MI is generally not feasible. How-
ever, we have shown that MI can be achieved with the
effect of SOC as demonstrated through Figs. 2 - 8. We
discussed the MI gain in momentum space as a function
of kx and ky and emphasize the variation of gain over
the wave numbers in the two directions. We noted that
the MI gain is not identical on kx and ky, and significant
changes in MI gain, width of instability region and the
number of instability bands are readily observed.
In Sec. IV B, we discussed the MI condition for attrac-
tive intra- and repulsive inter-component interactions.
Figs. 9 - 11 show the instability gain as a function of
g and g12. One can straightforwardly observe the emer-
gence of new instability bands in the MI gain plot, which
is identified to be the consequence of the incorporation
of SOC. Following that, we discussed in Sec. IV C, the
MI scenario in the case of repulsive intra- and attractive
inter-component interactions. Figs. 12 - 14 portray the
variation of MI gain for g and g12. Along the similar
lines with the earlier cases, the SOC results in new in-
stability bands and thereby help in enhancing the MI in
such systems. Finally, we studied MI in attractive intra-
and inter-component interactions in Sec. IV D. It is very
well known from the theory of MI in BEC, that attrac-
tive interactions naturally support MI. Although, SOC
is not fundamental for the origin of MI, however, SOC
significantly influences the instability region in terms of
peak gain and width as evident from Figs. 15 and 16.
Overall, the effect of SOC can be understood as a means
to achieve MI in repulsive interactions, and also enhance
instability in the system.
Last but not least, it is also important to see the impact
of SO and Rabi couplings on MI gain for fixed wavenum-
bers kx and ky. Fig. 17 depicts the MI gain as a func-
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FIG. 17. (color online) (a) 3D surface plot showing the MI
gain, ξ = |Im(Ω−)|, and (b) the corresponding 2D contour
plot for the parameters kL = 1, Γ = 1, g = 1, g12 = 1,
n = 0.3, kx = 2 and ky = 1.
tion of SO and Rabi coupling. As it is evident from our
9TABLE I. Summary of MI in SO coupled two dimensional binary BEC
SO coupling Rabi coupling MI gain Different combinations Inference
both interaction are repulsive Always stable
g < 0, g12 > 0 Always stable
Ω+ g > 0, g12 < 0 Always stable
both interaction are attractive Always unstable
Γ = 0 both interaction are repulsive
g < 0, g12 > 0 stable for all cases
Ω− g > 0, g12 < 0
both interaction are attractive
both interaction are repulsive
g < 0, g12 > 0 Similar to the case
Ω+ g > 0, g12 < 0 with Γ = 0 and Ω+
both interaction are attractive
kL = 0 Γ < 0 both interaction are repulsive Always stable
g < 0, g12 > 0 Always unstable
Ω− g > 0, g12 < 0 Always stable
both interaction are attractive Always stable
both interaction are repulsive
g < 0, g12 > 0 Similar to the case
Ω+ g > 0, g12 < 0 with Γ = 0 and Ω+
both interaction are attractive
Γ > 0 both interaction are repulsive Unstable if |g| > |g12|
g < 0, g12 > 0 Always stable
Ω− g > 0, g12 < 0 Always unstable
both interaction are attractive Unstable if |g12| > |g|
both interaction are repulsive Always stable
g < 0, g12 > 0 Unstable if |g12| > |g|
Ω+ g > 0, g12 < 0 Always stable
both interaction are attractive Unstable if |g| > |g12|
Γ = 0 both interaction are repulsive Unstable if |g12| > |g|
g < 0, g12 > 0 Always unstable
Ω− g > 0, g12 < 0 Unstable if |g| > |g12|
both interaction are attractive Always unstable
both interaction are repulsive
g < 0, g12 > 0 stable for all cases
Ω+ g > 0, g12 < 0
both interaction are attractive
kL = 1 Γ < 0 both interaction are repulsive Always stable
g < 0, g12 > 0 Always unstable
Ω− g > 0, g12 < 0 Unstable if |g| > |g12|
both interaction are attractive Always unstable
both interaction are repulsive Always unstable
g < 0, g12 > 0 Always unstable
Ω+ g > 0, g12 < 0 Unstable if |g| > |g12|
both interaction are attractive Always unstable
Γ > 0 both interaction are repulsive
g < 0, g12 > 0 Always unstable
Ω− g > 0, g12 < 0
both interaction are attractive
choice of parameters, the instability bands are symmetric for both positive and negative values of the Rabi and SO
10
coupling. One can also infer, that the MI is possible even
for zero SOC, provided the Rabi coupling is Γ > 0.
V. CONCLUSIONS
To summarize, we investigated the dynamics of MI
gain in two-dimensional SO coupled binary BEC at an
equal density of pseudo-spin components. The disper-
sion relation corresponding to the instability of the flat
CW background against small perturbation was stud-
ied using linear stability analysis. For a comprehensive
study, we consider all the possible combination of signs
of intra- and inter-component interactions, with a partic-
ular, emphasize on repulsive interactions. Our analysis
illustrates that SOC inevitably contributes to instability,
regardless of the nature of the interaction strength. With
detailed interpretation, we have shown that the repulsive
intra- and inter-component interaction admit instability
and the MI immiscibility condition g12 > g is no longer
essential for MI. We also have shown, for the strong at-
tractive inter-component interaction, the nature of the
intra- component interaction is immaterial for constant
SO and Rabi coupling. We also analyzed the variation
of instability domain in momentum space for kx and ky.
The MI gain is not identical on kx and ky, and significant
changes in MI gain and a number of bands are observed.
In the case of systems naturally admitting MI (attractive
interactions), the SOC and Rabi coupling manifest in the
generation of new instability bands, thereby enhances the
MI. Thus, we presented a comprehensive analysis with
detailed interpretation and graphical illustration of MI in
two-dimensional SO coupled binary BEC for equal den-
sities. We believe, the aforementioned results could po-
tentially provide new ways to generate and manipulate
MI and solitons in two-dimensional BECs.
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